ABSTRACT. We obtain a topological and weakly equivariant classification of closed three-dimensional Alexandrov spaces with an effective isometric circle action. As an application of the classification we prove a version of the Borel conjecture for closed three-dimensional Alexandrov spaces with circle symmetry.
INTRODUCTION AND RESULTS
Alexandrov spaces (of curvature bounded below) appear naturally as generalizations of Riemannian manifolds of sectional curvature bounded below. Many results for Riemannian manifolds admit suitable generalizations to the Alexandrov setting and this class of metric spaces has been studied from several angles, including recently the use of transformation groups (cf. [8, 9, 12] )
Considering spaces with non-trivial isometry groups has been a fruitful avenue of research in Riemannian geometry (cf. [10, 15] ). In Alexandrov geometry, this point of view has provided information on the structure of Alexandrov spaces. In [1] , Berestovskiǐ showed that finite dimensional homogeneous metric spaces with a lower curvature bound are Riemannian manifolds. Galaz-Garcia and Searle studied in [9] Alexandrov spaces of cohomogeneity one (i.e. those with an effective isometric action of a compact Lie group whose orbit space is one-dimensional) and classified them in dimensions at most 4. In this paper we obtain the classification of effective isometric circle actions on three-dimensional closed connected Alexandrov spaces, thus completing the classification of effective isometric actions of compact connected Lie groups on closed Alexandrov spaces of dimension at most 3.
In the topological category, Raymond obtained an equivariant classification of the effective topological actions of the circle on any closed connected topological 3-manifold (cf. [24] ). The orbit space of such an action is a topological 2-manifold, possibly with boundary. Raymond proved that there is a complete set of invariants that determines each equivariant homeomorphism type:
Theorem A (Raymond [24] ). The set of all inequivalent (up to weakly equivariant homeomorphism) effective isometric actions of the circle on closed connected topological 3-manifolds is in one-to-one correspondence with the set of unordered tuples (b; (ε, g, f, t), {(α 1 , β 1 ), . . . , (α n , β n )}).
Here, b is the obstruction for the principal stratum of the action to be a trivial principal S 1 -bundle, ε takes two possible values, depending on the orientability of the orbit space, g is the genus of the orbit space, f is the number of fixed point set components, t is the number of Z 2 -isotropy components and the pairs {(α i , β i )} n i=1
are the Seifert invariants associated to the exceptional orbits of the action, if any.
Raymond also proved that the invariants in Theorem A determine the manifold's prime decomposition when f > 0. In this case, the manifold can be written as a connected sum of handles, copies of RP 2 × S 1 and lens spaces. The topological classification without the restriction that f > 0 was obtained by Orlik and Raymond in [21] (see also [20] ).
The classification presented herein is an extension of the work of Orlik and Raymond to three-dimensional closed (connected) Alexandrov spaces. As opposed to a closed 3-manifold, a closed Alexandrov 3-space X may have topologically singular points. By Perelman's work [22] , the set of such points is discrete. Moreover, by Perelman's conical neighborhood theorem and the classification of closed positively curved Alexandrov surfaces a sufficiently small neighborhood of these topological singularities is homeomorphic to a cone over a real projective plane. By compactness, there can only be finitely many topologically singular points in X. This forces these points to be fixed by any isometric circle action. Moreover, it will follow from Lefschetz duality that the number of topological singularities must be even, and that their projection must lie in the boundary of the orbit space. In the Alexandrov case, we have an additional set of invariants: an unordered s-tuple (r 1 , r 2 , . . . , r s ) of even positive integers. The integer s corresponds to the number of boundary components in the orbit space that contain orbits of topologically singular points, and the integers r i correspond to the number of topologically singular points in the ith boundary component of the orbit space with orbits of topological singularities. If there are no topologically singular points we consider this s-tuple to be empty. With these definitions in hand, we may now state our main result. We let Susp(RP 2 ) denote the suspension of RP 2 .
Theorem B. Let S 1 act effectively by isometries on a closed, connected threedimensional Alexandrov space X. Assume that X has 2r, r ≥ 0, topologically singular points. Then the following hold:
(1) The set of inequivalent (up to weakly equivariant homeomorphism) effective isometric actions of the circle on closed connected Alexandrov 3-spaces is in one-to-one correspondence with the set of unordered tuples
where the permissible values for b, ε, g, f , t and
, are the same as in Theorem A and (r 1 , r 2 , . . . , r s ) is an unordered s-tuple of even positive integers r i such that r 1 + . . . + r s = 2r.
(2) X is weakly equivariantly homeomorphic to
where M is the closed 3-dimensional manifold given by the set of invariants
We also count the number of inequivalent effective isometric circle actions on a closed connected Alexandrov 3-space X and compare it to that of the manifold M appearing on the topological decomposition of X.
As an application of Theorem B we prove the Borel conjecture in the case of closed Alexandrov 3-spaces with circle symmetry (see Section 6). We also point out that the only simply connected closed Alexandrov 3-spaces with an effective isometric circle action are, besides the 3-sphere, connected sums of finitely many copies of Susp(RP 2 ). On the other hand, Galaz-Garcia and Guijarro showed in [7] , without any symmetry assumptions, that there are examples of closed simplyconnected three-dimensional Alexandrov spaces with topologically singular points which are not homeomorphic to connected sums of copies of Susp(RP 2 ). Finally, we remark that the Alexandrov spaces we consider in this paper, namely, closed Alexandrov 3-spaces with an effective isometric circle action, fall within the class of collapsed three-dimensional Alexandrov spaces considered by Mitsuishi and Yamaguchi in [17] . In our case the collapse occurs along the orbits of the action and we obtain a more refined topological classification than the one in [17, Section 5] by harnessing the presence of the circle action.
Our paper is organized as follows. In Section 2 we recall some basic results on the geometry of isometric actions of compact Lie groups on Alexandrov spaces. In Section 3 we give the topological structure of the orbit space of a closed connected Alexandrov 3-space with an effective isometric circle action. We assign weights to the orbit space with isotropy information. Section 4 contains the topological and equivariant classifications of effective isometric S 1 actions on nonmanifold closed connected Alexandrov 3-spaces in the special case where there are no exceptional orbits and the orbit space is homeomorphic to a 2-disk. In Section 5, the topological and equivariant classifications without these restrictions is obtained. In Section 6, as an application of Theorem B, we give a proof of the Borel conjecture for closed connected Alexandrov 3-spaces with circle symmetry.
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EQUIVARIANT ALEXANDROV GEOMETRY
In this section, X will denote a closed connected finite-dimensional Alexandrov space. We assume that the reader is familiar with the basic theory of compact transformation groups (cf. [2] ) and of Alexandrov spaces (cf. [3, 4] ).
Fukaya and Yamaguchi showed in [6] that, as in the Riemannian case, the group of isometries of X is a Lie group. If X is compact then its isometry group is also compact (cf. [5] ). The isometry group of an Alexandrov space has been further investigated in [8] . We consider isometric actions G × X → X of a compact Lie group G on X. We will denote the orbit of a point x ∈ X by G(x) ≅ G G x , where G x = {g ∈ G ∶ gx = x} is the isotropy subgroup of x in G. The closed subgroup of G given by ∩ x∈X G x is called the ineffective kernel of the action. If the ineffective kernel is trivial, we will say that the action is effective. From now on, we will suppose that all the actions we consider are effective. Given a subset A ⊂ X we denote its image under the canonical projection π ∶ X → X G by A * ; in particular, X * = X G. It was proved in [4] that the orbit space X * is an Alexandrov space with the same lower curvature bound as X.
We will denote the space of directions of X at a point x by Σ x X. Given A ⊂ Σ x X, we define the set of normal directions to A as
Let x ∈ X with dim(G G x ) > 0. Galaz-Garcia and Searle proved in [9] that, if S x ⊂ Σ x X is the unit tangent space to the orbit G(x) ≃ G G x , then the set S ⊥ x is a compact, totally geodesic Alexandrov subspace of Σ x X with curvature bounded below by 1, and the space of directions Σ x X is isometric to the join S x * S ⊥ x with the standard join metric. Moreover, either S ⊥ x is connected or it contains exactly two points at distance π.
Let G act isometrically on two Alexandrov spaces X and Y . We will say that a mapping ϕ ∶ X → Y is weakly equivariant if for every x ∈ X and g ∈ G there exists an automorphism f of G such that ϕ(gx) = f (g)ϕ(x). We will say that two actions on X are equivalent if there exists a weakly equivariant homeomorphism ϕ ∶ X → X.
Suitable versions of Kleiner's isotropy Lemma (cf. [8] ), the principal orbit Theorem (cf. [8] ) and the Slice Theorem (cf. [12] ) hold for isometric actions in Alexandrov spaces. As a consequence of the Slice Theorem, a slice at x is equivariantly homeomorphic to the cone over S x . It follows that Σ x * X * , the space of directions at
denote the spherical suspension of the unit round RP 2 . We will now give an example of an effective isometric action of the circle on this Alexandrov space, which will play a central role in our examination of S 1 actions on closed three-dimensional Alexandrov spaces. We will show in Section 4 that this is essentially the only circle action that can occur in Susp(RP 2 ) equipped with an Alexandrov metric with a lower curvature bound.
Example 2.1. There is a natural effective, isometric S 1 -action on (Susp(RP 2 ), d 0 ), corresponding to the suspension of the standard cohomogeneity one circle action on the unit round RP 2 . We will call this action the standard action. It can be explicitly described as follows. The projective plane can be thought of as a 2-disk with polar coordinates (r, θ), with 0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π in which we identify the points with r = 1 and angles differing by π. Then every point in (Susp(
2 and we identify points with t = 0 into one class and t = 1 into another class. Then we have for every 0 ≤ ϕ ≤ 2π the action by rotations on each level,
ORBIT TYPES AND ORBIT SPACE
Let X be a closed, connected Alexandrov 3-space with an isometric S 1 action. In this section we will study the orbit space X * of X and determine which differences arise with respect to the manifold case.
We call a point in X topologically singular if its space of directions is homeomorphic to RP 2 and topologically regular if its space of directions is homeomorphic to S 2 . Observe that since the action is isometric, singular points are mapped to singular points by the elements of S 1 . By a theorem of Perelman (Theorem 0.2 in [22] ), the codimension of the set of topological singularities is at least 3, so by the compactness of X, there is a finite number of topologically singular points. By looking at the possible dimensions of the orbits in X, we conclude that topologically singular points must be fixed by the action. On that account, the fixed point set of the action will be denoted by F , the set of topologically singular points by SF and its complement in F by RF . Aside from the fixed points, we have different orbit types according to the possible isotropy groups of the action. These groups are the trivial subgroup {e} or the cyclic subgroups Z k , k ≥ 2. The points whose isotropy is not S 1 are topologically regular, therefore we can talk about a local orientation. We will say that an orbit whose isotropy Z k , k ≥ 2, acts without reversing the local orientation is exceptional; we will denote by E the set of points on exceptional orbits. An orbit with isotropy Z 2 that acts reversing the local orientation will be called special exceptional and the set of points on such orbits will be denoted by SE. The orbits with trivial isotropy will be called principal.
To investigate the structure of the orbit space X * , we look at the action at a point x ∈ SF . A sufficiently small neighborhood of x * ∈ X * is homeomorphic to B ε (x) * . By the conic neighborhood theorem of Perelman (Theorem 0.1 in [22] , see also Theorem 6.8 in [14] ), B ε (x) is homeomorphic to the cone over RP 2 . Then, the slice theorem implies that B ε (x) * is homeomorphic to the cone of RP 2 S 1 . Any action by homeomorphisms on RP 2 is equivalent to a linear action (cf. [18, 19] ), and its quotient space is a closed interval with principal isotropy in the interior, Z 2 -isotropy at one endpoint and S 1 -isotropy at the other endpoint. Therefore, x * ∈ ∂X * and it is the meeting point of two arcs in ∂X * , one consisting of special exceptional orbits and the other one consisting of fixed points. Observe
Example of an orbit space of an isometric circle action on a closed three-dimensional Alexandrov space.
in particular that this implies that there is an even number of points in SF . Combining these observations with the orbit space structure in the manifold setting ( [24] , Section 1), we obtain that X * is a topological 2-manifold with boundary. Moreover, X * is weighted with isotropy information which we detail now. Let C * be a boundary component of X * . We have the following three possibilities:
The last possibility implies that C * ⊆ F * ∪SE * and that C * intersects F * and SE * nontrivially. The interior of X * is composed of principal orbits, except for a finite number of points corresponding to orbits in E. A generic orbit space is shown in Figure 1 . Besides the information given by the action, we have the topological type of X * . Following Raymond, we will group this information by assigning a set of invariants to X * . In addition to the invariants in the manifold case we introduce new invariants to take into account the possible presence of topologically singular points in X.
We now list the invariants of the action. Let b be the obstruction of the principal part of the action to be a trivial principal S 1 -bundle. Let ε be a symbol with two possible values: o or n, standing, respectively, for an orientable or nonorientable orbit space. Let g ≥ 0 be an integer denoting the genus of X * , and f, t ≥ 0 integers denoting the number of boundary components that only contain orbits in RF or SE respectively. Seifert invariants (α i , β i ) are associated to every exceptional orbit. We let s denote the number of boundary components of X * that have SF orbits, and let (r 1 , r 2 , . . . , r s ) be an unordered s-tuple whose entries are the number of topologically singular points in each boundary component of X * that intersects SF * . In summary, to any orbit space X * we associate the following set of invariants:
; s, (r 1 , r 2 , . . . , r s )) . Let X and Y be two closed, 3-dimensional Alexandrov spaces equipped with effective isometric circle actions. We will say that their orbit spaces are isomorphic if there is a weight-preserving homeomorphism X * → Y * . In the case that X * and Y * are oriented, we also require the homeomorphism to be orientation-preserving.
TOPOLOGICAL AND EQUIVARIANT CLASSIFICATION WHEN
We will first focus our attention on orbit spaces homeomorphic to a 2-disk without exceptional orbits and at least two topologically singular points. These are the simplest orbit spaces that can arise from an Alexandrov space that is not a manifold. We will construct a cross-section to the orbit map in this case and this will enable us to give a topological decomposition of the closed connected Alexandrov 3-spaces with such an orbit space. The existence of a cross-section to the orbit map will also yield the weakly equivariant classification of the circle actions on closed connected Alexandrov 3-spaces, as is shown in Corollary 4.2. When dealing with arbitrary permissible values for the invariants defined in the last section, the simpler case considered in this section will play a fundamental role.
Theorem 4.1. Let S 1 act effectively and isometrically on a closed, three-dimensional Alexandrov space X that is not a manifold. Assume that there are no exceptional orbits and that X * is homeomorphic to a 2-disk. Then there exists a cross-section to the orbit map.
Proof. We will proceed by induction on r, the number of pairs of topologically singular points in X. Suppose r = 1 and denote the two topological singularities of X by x + and x − . We will decompose X into several invariant subsets and construct matching cross-sections to the restrictions of the action to these subsets. Let B ε (x + ) and B ε (x − ) be metric open balls centered around the topologically singular points of X * , small enough so that they are conical. By Section 3, the boundary of X * consists of a component of points in F * and a component of points in SE * . Consider a tubular neighborhood U of F ∪ SE of radius ε. By the Slice Theorem we can assume that ε is small enough so that U is invariant. Let U RF and U SE be the two disjoint neighborhoods of some subsets of RF and SE respectively that result from U ∖ (B ε (x + ) ∪ B ε (x − )). Figure 2 depicts this decomposition on X * . Let U be the closure of U and observe that P ∶= X ∖ U is contained in the principal stratum of X and that P * is homeomorphic to an open 2-disk. The restriction of the orbit map to P is a principal S 1 -bundle. Therefore, since P * is contractible, P is the trivial bundle P * × S 1 and P has a global crosssection h P ∶ P * → P . We will now show that this cross-section can be extended to U .
By the Slice Theorem U RF is equivariantly homeomorphic to a solid tube D 2 ×I with an action by rotations around its axis. The common boundary of P and U RF is a cylinder C ∶= S 1 ×I. The intersection of the cross-section on P with this cylinder, h P (P * ) ∩ ∂U RF , is a continuous curve m. Since m is a cross-section on C, there is exactly one point on every intersection (D 2 × {t}) ∩ m, for t ∈ I. The closed annulus that results from connecting each point m t of m to the corresponding point (o, t) on the axis of C is a cross-section to the action, h RF ∶ U * RF → U RF that agrees with h P . We will extend h P to U SE similarly. By the Slice Theorem a small neighborhood of an orbit in SE is equivariantly homeomorphic to S 1 × Z 2 D 2 , the non-trivial D 2 -bundle over S 1 . This bundle is equivariantly homeomorphic to
FIGURE 2. Decomposition of X * into neighborhoods with cross-sections.
the cartesian product of RP 2 with a 2-disk removed and an interval, equipped with the action by rotations on the first factor. Consequently, U SE is equivariantly homeomorphic to (RP
The common boundary between U SE and P is again a cylinder and the intersection of the section in P with ∂U SE is a curve l. Parametrize RP 2 × {t} with polar coordinates as in Example 2.1 for each t ∈ I. This parametrization of U SE is compatible with the action. Analogously to the case of U RF , we join each point l t of l to the corresponding point in (RP
, where θ t is the angle determined by l t . This determines a cross-section h SE ∶ U * SE → U SE that agrees with h P . So far, we have a cross-section h 0 ∶ P * ∪ U * RF ∪ U * SE → P ∪ U RF ∪ U SE . We will extend h 0 to B ε (x + ). The boundary of B ε (x + ) is homeomorphic to RP 2 since we assumed this neighborhood is conical. Let w be the curve given by h 0 (P * ∪ U * RF ∪ U * SE ) ∩ ∂B ε (x + ). By the Slice Theorem, the action on B ε (x + ) is the action by rotations on each level. Then, a cross-section of the action on B ε (x + ) is given by repeating the curve w on each level. We extend h 0 analogously to B ε (x − ). Suppose now that for every closed connected Alexandrov 3-space with r = k pairs of topologically singular points every isometric S 1 -action has a cross-section. Now, let X be a closed connected three-dimensional Alexandrov space with k + 1 pairs of topologically singular points. In X * , take two edges in RF * that are separated by a single edge in SE * and take a geodesic γ that joins them by arbitrary points. The preimage of γ under the orbit map is an invariant 2-sphere in X. This separates X * into two subsets. Denote by X * 2 the subset of X * with two points in SF * , and by X * 2k the subset with 2k points in SF * . The preimages of X * 2 and X * 2k
under the orbit map in X are invariant topological subspaces X 2 and X 2k respectively, which share the invariant 2-sphere as boundary. Observe that the restriction of the action to this invariant sphere is equivalent to the orthogonal action. Let B be a closed 3-ball with the orthogonal S 1 -action and let B * be its orbit space. The weights on B * are as follows. The interior of B * corresponds to principal isotropy while the boundary is composed of two arcs, one of principal isotropy and the other one of fixed points. Denote the boundary arc of principal isotropy byγ. Consider the 2-dimensional topological surfacesX * 2 andX * 2k obtained by gluing B * to X * 2 and X * 2k alongγ and γ. By gluing B to X 2 along the invariant 2-sphere by means of an equivariant homeomorphism, we obtain a spaceX 2 equipped with an effective isometric S 1 -action which hasX * 2 as orbit space. Analogously, we obtain a spaceX 2k with an effective isometric circle action with orbit spaceX * 2k . By the base of induction and the induction hypothesis there exist cross-sections h 2 ∶X * 2 →X 2 andh 2k ∶X * 2k →X 2k . We then have the restricted cross-sections h 2 ∶ X * 2 → X 2 and h 2k ∶ X * 2k → X 2k . These cross-sections agree on the preimage of γ, up to an equivariant homeomorphism of the 2-sphere equipped with an orthogonal action into itself. We glue the cross-sections accordingly to obtain a global cross-section h ∶ X * → X.
We obtain the following Corollary to Theorem 4.1. 
* is an isomorphism of the orbit spaces, the functionΨ = g ○ Ψ ○ π X takes the section h(X * ) onto the section g(Y * ) homeomorphically. The equivariance of Ψ follows from the injectivity ofΨ −1 , noting thatΨ −1 (Ψ(sx)) =Ψ −1 (f (s)Ψ(x)) for every s ∈ S 1 , x ∈ X and every automorphism f of S 1 . To construct a weakly equivariantly homeomorphism of between X and Y we proceed as follows. For each x ∈ X there is a unique representation of the form
is a weakly equivariant homeomorphism with inverse given by
Observe that we can obtain the spherical suspension (Susp(RP 2 ), d 0 ) as a quotient of a unit round S 3 by the isometric involution given by the spherical suspension of the antipodal map on the unit round 2-sphere. Then, (Susp(RP 2 ), d 0 ) has the structure of a Riemannian orbifold with curvature bounded below and has an effective, isometric S 1 -action. Therefore, the connected sum of finitely many copies of Susp(RP 2 ) has an Alexandrov metric and the S 1 -action given by taking the standard action on every summand is effective and isometric. Thus, we obtain the following corollary. Corollary 4.3. Let S 1 act effectively and isometrically on a closed connected Alexandrov 3-space X with 2r topologically singular points, such that there are no exceptional orbits, and X * is homeomorphic to a 2-disk. Then, X is weakly equivariantly homeomorphic to the equivariant connected sum of r copies of Susp(RP 2 ), equipped with the standard action. Consequently, the only effective, isometric circle action on Susp(RP 2 ) is the standard action, up to weakly equivariant homeomorphism.
Remark 4.4. We can avoid the use of the Slice Theorem for Alexandrov spaces in our present setting in the following way. Let S 1 act effectively and isometrically on a closed, connected Alexandrov 3-space X. Let x ∈ X be a topologically singular point and V a conical neighborhood of x. The ramified orientable double cover of V is a 3-ball B and the metric on V can be lifted so that B has the same lower curvature bound as V and the covering involution is an isometry (cf. [7, 11] ). By a result of Livesay (cf. [16] ), the action of the involution must be linear, and hence it is the cone of the action of the suspension on S 2 . On the other hand, the action of S 1 on B is equivalent to an orthogonal action. Since these actions on B commute, we have that the action of S 1 on V is the cone of the standard action on RP 2 .
TOPOLOGICAL AND EQUIVARIANT CLASSIFICATION IN THE GENERAL

CASE
In this section we will prove Theorem B. To this end we will consider effective, isometric circle actions on X without any restrictions on the orbit space. The proof will consist of obtaining a cross-section to the action from cross-sections to an invariant closed connected 3-manifold M ⊂ X with the restricted effective isometric S 1 -action and to the remaining invariant subset of X. Our previous study of the action near the topological singularities and on the manifold M will allow us to reduce our investigation to the special case we considered in the previous section.
Proposition 5.1. There is a cross-section to every effective, isometric S 1 -action on a closed, connected Alexandrov 3-space X with 2r topologically singular points.
Proof. Consider the unordered tuple of invariants of the action
; (r 1 , r 2 , . . . , r s )) . We will assume first that s = 1 and denote r 1 = r. Consider the topological surface M * weighted by the tuple (b; (ε, g, f + 1, t);
). By Theorem 4 in [24] , there is a unique (up to weakly equivariant homeomorphism) 3-manifold M with an effective isometric S 1 -action that has M * as its orbit space. This manifold has at least one circle C * of fixed points since f + 1 > 0. Consider an arc contained in C * and take an invariant tubular neighborhood U of said arc that only contains principal orbits in its interior. Now, letX be the connected sum of r 2 copies of Susp(RP 2 ). Take an edge of fixed points inX that has topologically singular points as endpoints and take an invariant tubular neighborhoodŨ of a subarc of said edge, with only principal orbits in its interior. The restricted actions on U andŨ are equivalent to an action by rotations with respect to the axes of fixed points. Then, there is an equivariant homeomorphism ϕ ∶Ũ → U . We now take the equivariant connected sum M #X = M ∪ ϕX , which carries a natural S 1 -action induced by M andX. Since the connected sum is equivariant, the orbit space (M #X) * is isomorphic to M * ∪X * , gluingŨ * and U * , and (M #X) * is also isomorphic to X * . The subsets π −1 (M * ) and π −1 (X * ) are invariant in X. Moreover, π −1 (M * )∩ SF = ∅, and therefore, π −1 (M * ) is a topological 3-manifold. We conclude that M is weakly equivariantly homeomorphic to π −1 (M * ).
We have two cross-sections h 1 ∶ M * → M (cf. proof of Theorem 1.10 in [20] ), and h 2 ∶X * →X (cf. Theorem 4.1). As mentioned in the preceding paragraph, the restricted actions onŨ and U are equivalent to an orthogonal action on a 3-ball B 3 . This action has a canonical cross-section J ⊂ B 3 . Then we have equivariant homeomorphisms ϕ 1 ∶ V → B 3 and ϕ 2 ∶ B 3 →Ṽ such that ϕ 1 takes h 1 (M * ) into J, and ϕ 2 takes J into h 2 (X * ). Therefore, the equivariant homeomorphism, ϕ 2 ○ ϕ 1 makes the cross-sections h 1 and h 2 agree.
Assume now that s > 1. In this case, X * has the associated set of invariants
; (r 1 , r 2 , . . . , r s )). We consider the unique closed 3-manifold M with an effective isometric S 1 action with orbit space M * carrying the weights (b; (ε, g, f + s, t) ;
). This manifold has at least s circles of fixed points. If we letX i be the connected sum of r i 2 copies of Susp(RP 2 ),
, where the unions are taken along adequate invariant neighborhoods of the fixed point components. Applying the procedure made in the case s = 1 for each circle of fixed points, we get cross-sections M * → M andX i * →X i . We glue these cross-sections to obtain a global cross-section X * → X.
Proof of Theorem B. We will prove (2) first. By replicating the argument of Corollary 4.2, using the global cross-section X * → X given by Proposition 5.1, we obtain a weakly equivariant homeomorphism between every pair of closed, connected Alexandrov 3-spaces, with isomorphic orbit spaces. In the notation of Proposition 5.1, the orbit space X * is isomorphic to the orbit space M * ∪ ∪ s i=1X * i . Therefore, X is weakly equivariantly homeomorphic to M # Susp(RP 2 )# . . . # Susp(RP 2 ), where the connected sum has s summands equal to Susp(RP 2 ). We now prove (1). The restriction to the manifold M appearing on the previous decomposition of X of any effective, isometric S 1 -action is uniquely determined (up to weakly equivariant homeomorphisms) by Theorem 4 in [24] . On the other hand, the restriction to # Susp(RP 2 )# . . . # Susp(RP 2 ) is a connected sum of standard actions. Therefore, the action is determined by the number of pairs of topologically singular points on each boundary component of X * .
Remark 5.2. We note that the information given by s and the set of invariants
) excluding the s-tuple (r 1 , r 2 , . . . , r s ), is enough to topologically decompose a closed, connected Alexandrov 3-space which admits an effective, isometric circle action. However, the information given by this set of invariants is not sufficient to detect some inequivalent actions, unless the number of topologically singular points is not greater than 2, as the following example shows.
. Consider an effective isometric circle action on X such that its orbit space is the cylinder S 1 × I in which (S 1 × {0}) ∩ SF * ≠ ∅ and (S 1 × {1}) ∩ SF * ≠ ∅. Consider also, an effective isometric circle action on X such that the orbit space is again the cylinder, but such that S 1 × {0} contains all four points in SF * . These actions on X exist by the method used in the proof of Theorem B, but they cannot be equivalent since the second action has a circle of fixed points while the first action only fixes arcs with topologically singular endpoints.
Remark 5.4. Example 5.3 illustrates how we count the number of inequivalent effective isometric circle actions on a closed connected Alexandrov 3-space X. Since the part in the decomposition of X corresponding to the suspensions of RP 2 can only contribute standard actions, we only have to choose how to arrange as many pairs of topologically singular points as suspensions we have in the boundary components of mixed isotropy in X * . Following the notation of Theorem B, if the orbit space of X space has s > 0 and Σ s i=1 r i = 2r, then there are r s inequivalent effective isometric circle actions for every effective isometric circle action on the closed 3-manifold M appearing in the decomposition of X.
BOREL CONJECTURE FOR ALEXANDROV SPACES WITH CIRCLE SYMMETRY
The simplest examples of Alexandrov spaces which are not manifolds occur within the class of closed 3-dimensional Alexandrov spaces, since they are topological manifolds except for a finite number of isolated points. This property suggests that some results for closed 3-manifolds may have suitable generalizations to three-dimensional Alexandrov spaces. One such result is the Borel conjecture, which asserts that if two closed aspherical n-manifolds, that is, manifolds with trivial higher homotopy groups, are homotopy equivalent, then they are homeomorphic. The proof of this conjecture in the 3-dimensional case is a consequence of Perelman's proof of Thurston's Geometrization Conjecture (cf. [23] ). It is natural to ask if this conjecture still holds for closed 3-dimensional Alexandrov spaces and particularly for Alexandrov spaces with symmetry. The explicit topological decomposition in Theorem B for closed three-dimensional Alexandrov spaces with circle symmetry allows us to investigate the homotopy groups of these spaces and to prove the following analog of the Borel conjecture. Theorem 6.1 (Borel conjecture for Alexandrov spaces with circle symmetry). If two aspherical closed, connected 3-dimensional Alexandrov spaces on which S 1 acts effectively and isometrically are homotopy equivalent, then they are homeomorphic.
Proof. We begin by noting that Susp(RP 2 ) is not aspherical: a combination of the suspension isomorphism and the Hurewicz Theorem yields that π 2 (Susp(RP 2 )) ≅ Z 2 . We will now prove that no connected sum of suspensions of RP 2 is aspherical. We use homology with Z coefficients. Let X = Susp(RP 2 )# Susp(RP 2 ). By the Seifert-Van Kampen Theorem X is simply-connected, therefore, by the Hurewicz Theorem, π 2 (X) ≅ H 2 (X). The boundary S 2 of the 3-ball used to construct the connected sum is a deformation retract of a neighborhood in X. Then we have the following exact sequence given by the pair (X, S 2 )
. Since H 2 (Susp(RP 2 ) ∨ Susp(RP 2 )) ≅ Z 2 ⊕ Z 2 , then we have the surjection H 2 (X) → Z 2 ⊕Z 2 . It follows that H 2 (X) ≠ 0 and, by induction, that no connected sum of finitely many suspensions of RP 2 is aspherical.
